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to assume that the method of Adamson and Nicholls for the
prediction of the Mach disk location in plumes formed in still
air would apply with similar accuracy for exhaust into a co-
flowing airstream. Finally, since the axial Mach number distri-
bution upstream of the Mach disk is independent of the external
condition, we conclude from these arguments that the axial
location of the Mach disk in a plume contained in a co-flowing
airstream would, for the same exit-to-ambient pressure ratio,
be identical to its location in a plume formed in still air (the
limitations of this conclusion will be discussed later).

To test the validity of the conclusion reached, Mach disk
locations were extracted from Schlieren photographs of plumes
formed in the presence of supersonic external flows,5'10 These
were then compared with the results of the experiments for
exhaust into still air as represented by Lewis and Carlson's
empirical correlation. The result, presented in Fig. 1, supports
the conclusion that, over the range of conditions investigated,
the axial position of the Mach disk is essentially independent
of the Mach number in the external flow.

Limitations on Conclusion
1) From the results presented, the height of the nozzle base

appears to have no influence on the Mach disk location. Such
would not be true in a situation where the first plume wave-
length were totally immersed in the base flow. Under this con-
dition, the Mach disk would be found at a location corresponding
to a pressure ratio equal to the exit-to-base pressure ratio. The
latter represents, however, an infrequently encountered flow
situation. 2) It cannot be assumed that a Mach disk, if found in
a plume in still air, will always be found in the presence of
external flow. While the external flow has no influence on the
axial Mach number distribution in the region previously
described, it does have an influence on the trajectory of the
intercepting shock wave. Thus, at a fixed pressure ratio, the
intercepting shock is displaced toward the axis of symmetry as
the freestream Mach number is increased. If the freestream
Mach number is sufficiently high, the intercepting shock can
reach the axis upstream of the point predicted for the Mach
disk location. Under this condition, a Mach disk will not form,
and a regular reflection will occur.
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Influence of Subsonic Potential Flow
on the Buckling of Thin Panels under
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HPHIS Note was prompted by recent publications1'2 dealing
A with the title problem on the basis of ad-hoc approximate

aerodynamic theories of a rather intuitive character. Here, the
aerodynamic operator is derived from the linearized theory of
subsonic potential flow and the solution is obtained by Galerkin's
method.

Consider a thin elastic panel of infinite width simply supported
along its edges x = 0 and x — I and loaded by uniformly
distributed compressive forces Nx. The>panel is set in an infinite
plane z = 0 and placed in a fluid flow of subsonic velocity U in
the x direction. To investigate the static stability of the panel
(static divergence precedes the onset of flutter in subsonic flow,
e.g.,3) we impose on it a small lateral deflection w(x) thereby
changing the dynamic pressure of the ambient flow by Ap(x) and
seeking the values of Nx and U at which the deflected panel is
in equilibrium.

The equation of equilibrium is

dx (1)

subject to the boundary conditions:
w = o, w" = 0 at x = 0, 1 (2)

where x is the dimensionless streamwise coordinate (x = x//)
and D the bending stiffness of the panel.

The dynamic pressure on the upper surface of the panel is
given by the Bernoulli equation

oU dd)upu = _ *-— _L±. (3)
/ ox z=0

+

where p is the mass density of the fluid and </>„ the perturbation
velocity potential in the upper half space (z ̂  0). For a subsonic
(M < 1), compressible in viscid irrotational fluid, </>u(x, z) is
determined by solving the equation

(4)

subject to the boundary conditions:

dz

and

U — for 0 < x < 1
dx ~ ~

0 elsewhere

>M/dz, d(j)u/dx -» 0 at z -» oo

(5)

(6)
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Introducing the Fourier transforms
1

(2nY'2\^"

F*(a) - -
1 dw

\ l /2

(7)

we find that Eq. (4) is equivalent to the ordinary differential
equation d24>u*/dz2 — (l — M2)oc2(t)u* = Q and its solution satis-
fying Eqs. (5) and (6) is

17 F*(a)*-l«"*
k*(a, z) = - — — — — — 8

where

Substituting Eq. (8) in the transformed Eq. (3) we have

»M*(a) = i —— ——:—e~Wz at z = 0
pi ct\

and on inversion

Pu(x) = i
.pU2 1

(9)

where

1/2

Substituting the last expression in Eq. (9), we obtain

It is assumed that both sides of the panel are exposed to the
flow. Proceeding in a similar way as above, it can be shown that,
for the lower half-space (z ̂  0), the perturbation velocity
potential is

(8a)

when by simple transformations the dynamic pressure below
the panel pL — —pu, and the total dynamic pressure acting on
the panel Ap = pu — pL equals

2pU2 fMw d£
Ap(x) = 2pu = - —— ———- (11)

nfil Jo d£x — t
The expression (10) is also valid for a thin symmetrical airfoil

in noncirculatory flow (in this case however pL — +pu). It was
derived in the wing theory by many authors (using other
methods), and the integral in Eq. (10) was thoroughly investi-
gated (e.g. 4'5). To evaluate this improper integral its principal
value should be taken, and its singularities at the leading and
trailing edges (which vanish only in the particular case when
the panel is clamped along both edges) have a negligible effect.
These integrable singularities entail no mathematical difficulties
in the subsequent calculations.

Introducing dimensionless coefficients
A2 = PU213/D(1-M2)112, s = Nx l2/n2D = NX/NEO

where NEO is the critical ("Euler") force for the panel in a fluid
at rest, and substituting Eq. (11) in Eq. (1) we have

- - 2 —
71

^7——^7 = 0 (12)
dx* dxz n Jo at, x — (

Equation (12) is discussed in Ref. 6 where the aerodynamic
operator Eq. (10) was adopted without derivation, from the
theory of thin airfoils. Following Ref. 6 we assume that

w(x) = an sin mix (13)

thus satisfying the boundary conditions, Eqs. (2). Substituting
Eq. (13) in Eq. (12) and using Galerkin's method, a system of
N algebraic equations is obtained in the N unknown coefficients
On. The system has a nontrivial solution provided its determinant
vanishes, thus yielding the characteristic equation

Det || 7i4(/c4 - sk2)dnk - 4A2Ank || = 0 H, k = 1,2,..., N
where dnk is the Kronecker symbol and

, f 1 . ^coshttAnk = k\ sin nnx ——— d£ dx (14)
Jo Jo x-C

The diagonal terms-Ann turned out to be much larger than the
nondiagonal ones, and calculations showed that the lowest
critical parameters are obtainable to a high degree of accuracy
using the first mode only:

7T4(1 — 5)—412An = 0 (15)
where t An = 1.2046.

Equation (15) implies that in the absence of compressive
forces (s = 0), divergence of the panel occurs at the critical flow
velocity UDO defined by

^D0
2 = 7T4/4^n = 20.23 (16)

At lower flow velocities Eq. (15) can be rewritten in the
following symmetrical form

or explicitly

Extreme caution must be exercised in extending the simple
formula (17) to other configurations, especially to panels with
finite aspect ratios. Systematic numerical calculations are
necessary to ascertain how far such extension is permissible.
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Introduction

ONE of the best known methods of minimizing a function
of n variables is classified as a variable metric method.1'2

Probably the best known of these methods is Davidon's method.
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